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]. Introduction

The problem considered is to estimate Y, the population total
of a character y, using the information on a ^^-dimensional random
vector of auxiliary characters, X={Xi. , in forming a multi-
variate product estimator, for any sampling design.• Let X-i denote
the population total of the character x,- (!=1,2, ,p). Singh[5]gave
the multivariate product estimator

P
A 1-1 A AA ^ A /\

YXilXi,

/=!

A/\ />

where V and Xi are unbiased estimators of Y and Xi respectively
based on any sampling design and vi'/s are the weights such that

/=1

He extended his results to two phase sampling where, he considered
equal probability selection at both the phases. In this note we extend

A

the'estimator 7,, to the general double sampling schemes and the
results obtained by Singh[5] are derived as a particular case thereof.
Following Tripathi[6] we present a general technique of two phase
sampling as follows.

♦Present address : Bihar Stale Dairy Corporation, Patna.
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We select a preliminary large sample of n units at moderate
cost according to a specified sampling design and then a subsequent
sample of munits, according to a different (orsame) sampling design.
The second sample may either be a subsample of the first orindepen
dent of the first.

Let (.), Vi (.), Ci(.,.) denote the unconditional expectation
(mean), variance andcovariance and; E^Q, Cj(.,.)the condition
al mean, variance and covariance over ihe variation in the second

A

phase sample keeping the first phase sample fixed. Let Xid, be an
unbiased estimator of Xi based on the observations of the first phase

A A

sample alone and and 7(2) be the unbiased estimators of Z,- and
Yrespectively based on the observations of the,second phase sample.
That is

A A A

^^H2)^EXi(i^=Xi and EY^Z)'='Y •••(!)
A A

It is to be noted that Xn^f and y,2) may or naay not utilize the infor
mation,in the first phase sample.

A

For the case of subsample we shall assume that X^.^^ is condi-
A

tionally unbiased for X^^, that is
A A

...(2)
It is to be noted that

Ci(Zj(2), A^i(i))=C2(K(2), A''j(j,)=0 •••(3)
in the case of subsamples and independent samples both.

A A

As X.i(2) and 7(2, may utilize the information on the first phase
sample,

A A A . A

Cov (7(2), A'id,) and Cov (Xn^^, Z.d,)

would not be zero for some sampling schemes. We shalluse following
well-known results :

Eid)==E,E,{d)
V{d)=V,E,{d)+E,V,{d)

and

Cov {d, d*)^C,{E^ d, E. a*)+ E^ C^{d, d*) ...(4)

for any estimators d and d*.



A NOTE ON GENERAL DOUBLE SAMPLING SCHEMES 85

2. Product Method of Estimation Using a General Double

Sampling Scheme :

We define the multivariate Product estimator for 7 as,

p
^ A A A

F^= where «;= F(2)X,(2)/A'i(i, ...(5)
; = 1

Let lu={u—Eu)lEu for a random variable u.

Theorem 1.

A

The general multivariate product estimator is in general

biased. It is a consitent estimator of Yand its bias B (Fj,) and mean
A

squares error (MSE) M(7j,) are given by.

B{Y,)=^wq'+4> ...(6)
and

where

A

?=(7i, '?2, qv)

—Cov(7(a), —Cov(X,(2),Z((i))

+ Cov(F,,,, ...(8)
-4 = (a,7c) i,k<=\,2,...,p

ai^=nF,2,)+i?.{Cov(r,a„ ^.(2,)- Cov(r(,,i-ia,)}
+;?,{Cov(r(2„ A-(2,)
-Cov(7,2„ + {Cov(i(2„ £(2,)}

A A

—Cov(Xj(j,, ^^^,£(2))

-Cov(;r„2,, i'fc(.))+Cov(Z,a,, ...(9)
Ri-^YlXi

<!> denotes the product moments (central) of third and higher order.
It may be noted that for a number of sampling schemes {e.g., men
tioned in section 3) the terms (!> are of the order less than or equal to
the order m~°where mis the second phase sample size.
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Proof:

By expanding through Taylor's series expansion at the points

^(2)= ^^! and
we have

Since

a, - y=(-7)+-Xd^~ - z,) f_
, I Y

1

- 2(7,2)-F) {Xia)-Xi) ^
Xi)(Xniy —Xt) +

E(a,-Y) =^[/?<K(£u,)4-Cov(7„„
—Cov(y(2), -J',,!))—Cov(A',(,), Xh2^))]-\-4>

BiY^)= ljWiE{ai-Y)
1=1

then substituting the value from (11) in (12) we get the result (6).

Now

p p

M{Y^)=Y^ £H',.H,,(a,-y)£(a,-r)
i=l k=\

using (10) we find that,

E{a.i-Y){o.„-Y) = ai„\ ct,

From (13) and (14) we get the result (7).

...(lor

...(11)

...(12)

...(13)

...(14)

" A

Theconsistency of Y^ follows from the fact that 5(7^) and
A A

M(yj,) are each 0(/n-') hence as m becomes large B{Y^) and M{Yj,)
each tends to zero.
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Remark :

An unbiased multivariate difference estimator for 7 in general
double sampling scliemes is defined by Tripathi[6] as

i=l

where

A A A

<*t = ^(2) —^i(l)) ...(15)
A A

We observe that ^(7^)=provided Ai=where Ma(7„)
A

represents M{Yj,) to the terms of order {nr^).

If the second phase sample is a subsample of the first ther,
using (2), (3) and (4) the expressions (8) and (9) reduce to

?j=(l/A',) £iC2(}^(2), Xj(2)) ...(16'
and

V,(Ya))+E,V,(Y^2HR^ElC2 (7,2„ Aa,)

+RjcEiCz(Yis), Xjci2))+R{RicEiC^(Xi(i^, ...(17
where

y(i)=W2)).
If the second phase sample is independent of the first the ex

pressions (8) and (9) reduce to

qtHUXi)[Ri F(r,a))-Q(£2F,„.

—RiCi(Xm), E^iXui))

+ Cov(y(2), A'j(2))] ...(18)
and

ViYi,,)+R, {Cov (Y,,„ £,2^-
-i-Rf,{Co\(Y(2), XMi))—Ci(E2Y(2), 2'i,(j))}

+ {Cov(A'i(2), X(:(2)) —Cl(E2X]e^2), Xni))

—Ci{EzXh2), A'fc(j)) + Cov(A'i(i), ^j:(i))} ..,f]9
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A A

If the estimators X^) and 7(2, do not makeuse of the inform-
A

ation on the first phase sample (in which case E2Xn2)=Xi and

E^^Y)

then (18) and (19) reduce to

qi={llXd[Ri V{Xn,,) +Cov(r„„ Xi,,))] ...(20)
and

aile—V{Y{.'i))-\-Ri COV (7(2), Xn2))
A A

+ i?fc COV (7(2), XjH2))
A A

-l-i?ii?A:{C0V(Zj(2), Xki2))

-f Cov (^«1„ Zft(i))} , ...(21)
If m is large enough so that the term 0 may be neglected,

following the procedure used by 01kin[4] we would have

w . —eA~^leA-^e'
opt

B ={eA-^leA-^e')q'
opt

M , =l/e/(-V
opt

where e is 1 X;? unit row vector.

3. Particular Sampling Schemes.

The general results obtained in section 2, can be used to obtain
results for particular sampling schemes.

In case the samples at both phases are simple rendom samples,
we may define

A A A . ^
Xnx)~NXin, XnZ)'='Nxifn, Y(2)~Ny,n where and ym

denote the sample means based on the observations for the
characteristic Xf and y respectively. We can find that using the
inequality,

EuvKiEu^y^

for any variable ii and v and noting that iJ.2(f,n)'=0(m-^) and
=Q{m~') (Cramer, [1]).
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V-niiVm, Xim, ^tni) = E{y„i—y){xi,„—X(){xjim'~Xk)

<(E{Tlm —yTY

<0(m-3'2).

Thus for large m the terms <t> in (6) and (7) may be neglected and
then we get the results as obtained by Singh[5] for double sampling
scheme.

In case the population consists of L strata, the h-Va stratum
consisting of N units,

L

h=\

and simple random samples of rin and nih units are selected from the
h th stratum at the first phase and the second phase respectively
with

L L

nthn= 2 rtn, m= J
h=\ h=\

we may define

A i L
ihi X((2)

/!=1 /;=!

L.

^(2)=

/)=!

Where and Xih are sample means ofHs units and units respec
tively from stratum h. Following the above inequality we can find
that in this case also the term 0 is and thus we get the
result.

In case a first phase sample of n units is selected with equal
probabilities without replacement on which z and x are observed and
the second phase sample of m units is selected with ppz and with
replacement.
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In this case let,
m

j=\ 7=1

where
n

pr-=Zil

7=1

Again following the above inequality we can find that the term i is
^0(m-3'2) and from (16), (17), (20) and (21) we get the results
obtained by Des Raj[2].
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