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1. INTRODUCTION

The problem considered is to estimate ¥, the population total
of a character y, using the information on a p-dimensional random
vector of auxiliary characters, X=(Xy,...... , X,), in forming a multi-
variate product estimator, for any sampling dcsxgn Let X; denote

the population total of the characterx; (i=1,2 .., p). Singh[5] gave
the multivariate product estimator

p
A AA
Y, = Wi XX, .
i=1

A A
where Y and X; are unbiased estimators of Y and .X; respectively

1

based on any sampling design and w;’s are the weights such that

He extended his results to two phase sampling where, he considered
equal probability selection at both the phases. In this note we extend

A
the estimator Y, to the general double sampling schemes and the
results obtained by Singh[5] are derived as a particular case thereof.
Following Tripathi[6] we present a general technique of two phase
sampling as follows.
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We select a preliminary large sample of n units at moderate
cost according to a specified sampling design and then a subsequent
sample of m units, according to a different (or same) sampling design.

The second sample may either be a subsample of the first-or indepen-
dent of the first. '

Let E; (1), V1 (), Cy(.,.) denote the unconditional expectation
(mean), variance and covariance and; E,(.), V,(.), Cy(.,.) the condition-
al mean, variance and covariance over the variation in the second

A
phase sample keeping the first phase sample fixed. Let Xiq be an

unbiased estimator of X; based on the observations of the first phase
A A
sample alone and Xj,, and Y, be the unbiased estimators of X; and

Y respectively based on the observations of the second phase sample.
That is
A A A
EXi(2)=EXi(1)=Xi and EY‘(Z)‘=Y .(1)

'

A A
It is to be noted that X}, and Y, may or may not utilize the infor-
mation in the first phase sample.

A
For the case of subsample we shall assume that X;(,, is condi-

©A
tionally unbiased for X;(,,, that is

A A
E, X 9=X; _ «(2)
It is to be noted that
- A A A A
Ci(Xs2y, Xien) =Co(Yiay, Xin))=0 ~(3)
in the case of subsamples and independent samples both.
A A

As Xy and Y5, may utilize the information on the first phase
sample,
A A A A
Cov (Yig), Xuyy) and Cov (Xy(p), Xiqzy)

would not be zero for some sampling schemes. We shall use following
well-known results :

E(d)=E1E2(d)

V(d)=V\Ey(d)-+E, Va(d)
and

Cov (d, d*)=C\(E, 4, E, a*)+E1 CZ_(.d». d*) (4)
for any estimators d and d*,
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2. Probuct METHOD OF ESTIMATION USING A GENERAL DOUBLE
SAMPLING SCHEME :

>

We define the multivariate Product estimator for Y as

A 2 A A A
Y,,=’ 2 We; where o= Y(z)X.'(Z)/Xi(l ’ .(5)
i=1
Let 8,=(u— Eu)/Eu for a random variable u.
Theorem 1.
' ) A
The general multivariate product estimator Y, is in general
A
biased. It is a consitent estimator of Y and its bias B (¥,) and mean

A
squares error (MSE) M(Y,) are given by.

A
B(Y,)=wq'+¢ -(6)
and
A
M(Y,)=wAw ¢ (7
where )
0 (I:(qla q?:"“"-: qﬂ)

A

A A A A
u=1/Xi[R;V(X11)) —~Cov(Yig), Xi1))— Ri Cov(X (40, Xsi)

A A
+Cov(Ya, Xin)] ~(8)
A=(al'k) i>k=1:2:-"ap

A A A A A
2=V (¥(9) + R{Cov(Y 1), X)) ~ Cov(¥ ), X11,)}
A A
+ R {Cov(Yi2), Xiy))
A A A A
_COV(Y(z)a X))+ R;R, {COV(Xi(2)= XI:(Z))}
A A
—Cov(X;(1), X))

A A A. A
—Cov(Xit), Xi)+Cov(Xipy, X))} «.(9)
Ri=Y]X;

¢ denotes the product moments (central) of third and higher order.
It may be noted that for a number of sampling schemes (e.g., men-
tioned in section 3) the terms ¢ are of the order less than or equal to
the order m=2"2 where m is the second phase sample size,



86 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS
Proof :
By expanding o; through Taylor's series expansion at the points

A ‘A A
Yo=Y, X;1=X: and X=X,

we have
A A Y A Y
ai—Y=(Y(z)“Y)+(X'i(2)—Xi)Z—(Xm)“Xf) X,
1 A Y
B + '2—![2(Xi(])'—'Xi)2 z;}
A A 1 R
+ 2Y ()Y ) (Xipy—Xo) X .-.(10)
t
A A 1
~2(Y—Y) (Xyy—X2) X,
A A Y
2 Xy — i)(Xi(l,) —Xy) AT.-'ZH"'"
1 A A A
E(d,'—‘Y) = Z[R"/(Xi(l)) +COV(Y(2), Xi(g))
N A A A
—Cov(Yy), Xi)) —Cov(Xiqy, Xio)]+¢
: (D
Since
- (12)
B(Y,)= §i E(e:—Y) A
1=1
then substituting the value from (11) in (12) we get the result (6).
Now
. p P
M=} LW (e—Y)E(—Y) 13)
i=1 k=1 '
using (10) we find that,
E(e—Y) (o —Y)=ay, + ¢ .(14)

From (13) and (14) we get the result (7).

A A
The consistency of ¥, follows from the fact that B(Y,) and

A A A
M(Y,) are each O(m~") hence as m becomes large B(Y,) and M(Y,)
each tends to zero,
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Remark :

An unbiased multivariate dlﬁ'erencc estimator for Y in genexal
double samplmg schemes is defined by Tripathi[6] as

A
Y= E Wi o
i=1
where
A A A .
a;=Yi2)—A( X2y — Xa)) we(15)

A A s A
We observe that V(Y ;)= M,(Y,) provided \;= — R, where MY, p)’

A
represents M(Y),) to the terms of order (m-1).

If the second phase sample is a subsample of the first ther,
using (2), (3) and (4) the expressions (8) and (9). reduce to

A A
qi:‘(l/Xi) E1C2(Y(2), Xi(g)) - : ...(16‘
and '
A A A A
ain=V(Y03))+ E\Vo(Yi2))+ RE,Ca (Y3, Xyg))
A A . v ) v
+ ReE Ca(Y (), X))+ RiRiE Co( Xy, Xiay)

where

A A
Yiuy=Ey(Yy).
If the second phase sample is independent of the first the ex-
pressions (8) and (9) reduce to

A A A
9:=(1/X)[R; V(X)) — Co(E2Y 3y, Xuiy)
A A
—R,C (X1 Ex(Xia))

A A
+Cov(Yz), Xyi))] -(18)
and

A A A A A
age=V (Y2))+ R {Cov (Yea), Xs2))— Co(EaY (20, Xs0))}
A A A A
+ Ri{Cov(Yia), Xr)—Cr(EY (), Xneny)}
A A A A
+ RiRy {Cov(X;1a), Xta)—C1(EaX i)y Xarpy)

A A ' A A
—Ci{Es X 19y, X)) +Cov(X iy, Xuny))} (19
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A A
If the estimators Xy, and Y, do not make use of the inform-
A
ation on the first phase sample (in which case E,Xiq=X; and

A
EsY5)=Y)
then (18) and (19) reduce to

A A A
9:=(1/X)[R; V(Xi1y) +Cov(¥ 3y, Xiemy)] ...(20)
and

A A A
aik=V(Y(2))+Ri Cov (Y(5), Xiz)

A A
+ Ry, Cov (Yi), Xoin)
A A
+ R;Rif Cov(Xy(z), Xree))

A A
+'Cov (Xups Xuw)} / .(21)
If m is large enough so that the term ¢ may be neglected,
. following the procedure used by Olkin[4] we would have

w =ed ted-le
opt

— (e A= a2 A-20"Y o’
Bopt =(ed}]ed e')q
= 1o’
Mapt 1jed—"e

where e is 1 Xp unit row vector. -
3. PARTICULAR SAMPLING SCHEMES,

The general results obtained in section 2, can be used to obtain
results for particular sampling schemes.

In case the samples at both phases are simple rendom samples,
we may define : '
A A A . .
Xiy=N¥in,, Xi2)= N%im, Y (2)=NY., where %y, and g,
denote the sample means based on the observations for the
characteristic x; and » respectively. We can find that using the
inequality, '

- Euy<(Eu®)t? E(v2)r2

for any variable # and v and noting that ;1.2(37,,,)%0(171-1) and (2,(¥,,)
={@n"?) (Cramer,[1]).
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Pr11Tms Fimy Xpm) = E@u—7)(Fm —%;)(Xem—7%p)
SHEGu—9) 2 {EE n— 7Y Fom—F) } 2
S{0(n )Y P{EZ iy — x:)* 1 S{ E(Fpem — 72) '} 14
SH{0(n )} 2{00n-2)} 1#H{0(m-)}H 14
KO0(m—312),

Thus for large m the terms ¢ in (6) and (7) may be neglected and

then we get the results as obtained by Singh[3] for double sampling
scheme. ~

In case the population consists of L strata, the A-th stratum
consisting of N units,

L
ZNh=N
h=1"

and simple random samples of n, and m, units are selected from the

hth stratum -at the first phase and the second phase respectively
with

'

L L :
n= Yt m= Vm,
h=1 h=1

we may define

L L
A A : v
Xy= Zth s Xyoy = Zthih:
h=1 h=1

L .
A .
Y= ZNhyh
h=1
Where *';; and %, are sample means of #, units and m;, units respec-
tively from stratum 4. Following the above inequality we can find

that in this case also the term ¢ is 0(m=2/2) and thus we get the
result. ‘

In case q first phase sample of #»* units is selected with equal
probabilities without replacement on which z and x are observed and
the second phase sample of m units is selected with ppz and with
replacement,
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In this case let,
m m
A A X A ;
Xl-“):NE il”)Xi(2)=N/(n’n) Z (xij/ﬂi)! Y(g)=(‘)\7/"m) E(Y:I/IJJ)
' ' j=1 Jj=1
where
n

pi=z; Ezj
j=1
Again following the above inequality we can find that the term ¢ is
<0(m=3'?) and from (16), (17), (20) and (21) we get the results
obtained by Des Raj[2].
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